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Existing synthesizers (software tools that convert models implemented in hardware descrip-

tion languages into a list of logic gate connections) for field-programmable gate arrays (FPGAs),

such as Vivado (Xilinx), Quartus II (Intel), and Libero (Microsemi), are designed to implement

applications within a single chip. These tools perform optimization of the computational compo-

nents of algorithms only at the level of logical primitives. Such optimization is inherently local

and, therefore, cannot substantially reduce the hardware resources utilized on an FPGA. More-

over, conventional FPGA synthesizers do not analyze the implemented algorithms with respect to

potential computational redundancies or inefficient design realizations. To date, the only synthe-

sizer for multichip reconfigurable computer systems, developed at the Scientific Research Center of

Supercomputers and Neurocomputers, provides automated mapping of the algorithms information

graph onto multiple FPGA devices, as well as inter-chip routing and synchronization of control and

data flows within the reconfigurable computing system. The novel version of the optimizing mul-

tichip synthesizer for parallel-pipelined programs for reconfigurable computer systems, presented

in this paper, incorporates a library and a general algorithm for information-equivalent trans-

formations, along with an original method of nested auto-substitutions for recursive expressions.

These features enable a substantial and automated improvement in the performance of generally

specified algorithms when implemented on reconfigurable computing systems.

Keywords: synthesis of parallel-pipelined programs, information graph, optimizing synthesizer,

reconfigurable computing system.

Introduction

Reconfigurable computer systems (RCS), whose primary hardware resources are field-

programmable gate arrays (FPGAs) integrated into a unified multichip computational device,

are currently being effectively applied to solve problems across various fields of science and

engineering [1, 2]. The high achieved performance and energy efficiency of RCS, in compari-

son with traditional cluster systems, demonstrate their competitiveness in the domain of high-

performance computing [3].

Existing FPGA synthesis tools, such as Vivado (Xilinx), Quartus II (Intel), and Libero

(Microsemi), are designed to implement applications within a single-chip or across a set of inde-

pendent FPGAs. If efficient problem implementation requires a large number of interconnected

FPGAs, the use of single-chip synthesis tools becomes labor-intensive, as developers must man-

ually partition program fragments across individual devices and ensure proper alignment of data

flows both within and between FPGAs. It should be noted that automatic synthesis tools exhibit

low efficiency with a high density of chip filling, as exemplified by the Vivado synthesis tool [4].

It leads to reducing the effective performance of RCS or increasing the development time for

FPGA-based solutions.

The only synthesis tool for multichip RCS, developed at the Scientific Research Center of

Supercomputers and Neurocomputers, provides automatic mapping of the algorithms informa-

tion graph (IG) across multiple FPGA devices, inter-chip routing, and synchronization of control

and data flows in RCS [5]. The information graph of an algorithm for solving the problem is
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defined as a directed graph in which vertices correspond to operations, data sources, and data

sinks, while edges represent data dependencies between them [6].

This paper presents a new version of the multichip synthesis tool and describes the imple-

mented methods of information-equivalent transformations of the algorithms IG. These methods

take into account the properties of associative and distributive operations, as well as the reg-

ularity of graph structures. Such transformations make it possible to reduce the number of

operations in many times for some problems and automatically obtain efficient parallel-pipeline

solutions that are often not obvious or even known to the vendor at application development.

Section 1 provides a brief overview of existing synthesis tools, high-level synthesis (HLS)

compilers, and the multichip synthesis tool, as well as their application in the development of

programs for multichip RCS. Section 2 presents a general algorithm for information-equivalent

graph transformations developed for the new version of the optimizing synthesizer, which has

been verified for problems from three distinct application domains. Section 3 introduces a method

of nested auto-substitution for pipelining calculations of recursive expressions. Section 4 presents

the results obtained using the optimizing synthesizer for a number of applied problems. Finally,

the obtained results are analyzed in the conclusion.

1. Development of Efficient Programs for Reconfigurable

Computer Systems

Currently, standard synthesis tools, such as Xilinx Vivado or Intel Quartus Prime, are used

to obtain highly efficient implementations of RCS solutions. Due to the use of low-level digital

circuit description languages such as VHDL or Verilog, the vendor can detail the design of the

computing structure of a parallel-pipeline program and achieve a high device utilization taking

into account the FPGA architectural features.

However, the development time for an efficient solution on a multichip RCS using this

approach typically ranges from several months to a year, even for highly qualified hardware

engineers. This is due both to the use of low-level design tools and to the necessity of developing

multiple projects simultaneously, each of which implements a fragment of the overall program

mapped onto a separate FPGA device.

The use of high-level synthesis (HLS) compilers [7], such as Vivado HLS or Vitis, re-

duces development time by automatically generating complex functional units (IP-cores) from

C-language program fragments. However, this approach does not guarantee efficient implemen-

tation on RCS for arbitrary C programs. Moreover, issues related to scaling and integration of

IP-cores across a multichip RCS remain within the vendors responsibility.

At the Scientific Research Center of Supercomputers and Neurocomputers (Taganrog), a

Fire!Constructor multichip synthesis tool is being developed and improved to relieve vendors

of a number of routine problems, associated with designing solutions across multiple FPGAs.

The inputs to this synthesizer are the IG of a parallel-pipelined program and a description of

the RCS architecture. The synthesizer automatically performs automatic layout of the IG into

non-overlapping subgraphs, each of which is subsequently located on a separate FPGA device.

The objective of the partition and placement stages is to create favorable conditions for

subsequent inter-chip routing. However, even “optimal” solutions of partition and placement

problems according to selected criteria cannot guarantee successful routing. Therefore, these
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tasks are solved repeatedly using different algorithms, which increaces the probability of suc-

cessful routing in Fire!Constructor.

As a rule, the operation time of graph partition algorithms has a polynomial or even ex-

ponential dependence on the number of vertices in the graph. Therefore, a multilevel partition

scheme is employed for large-scale graphs (from several thousand and more) in the synthesizer

Fire!Constructor [8], which iteratively contracts pairs of adjacent vertices (Coarsening Phase).

Afterward, partition and placement tasks are performed by a graph refinement stage in which the

contraction process is iteratively reversed (Uncoarsening Phase). During inter-chip routing, the

synthesizer assigns external connections of subgraphs to the available physical communication

links between FPGAs in the RCS.

Additionally, Fire!Constructor performs synchronization of control and data flows by in-

serting delays to align input streams at each pipeline stage of the computational structure. The

synchronization problem is solved on the IG by assigning each vertex a latency value correspond-

ing to its pipeline stage. Then, for each incoming edge, the cumulative signal latency from data

sources is calculated. Based on these values, flow alignment is achieved by inserting delays into

leading signals.

The resulting synchronization subsystem can consume FPGA resources comparable to those

required for the computational logic itself. Three types of FPGA resources are used to implement

delay elements: flip-flops, programmable delay elements (MLUTs), and block memory (BRAM).

Therefore, Fire!Constructor incorporates a set of procedures aimed at reducing both the total

number of delays and the utilization of critical hardware resources allocated for synchroniza-

tion [9].

Using single-chip synthesis tools, all of the above tasks must be handled manually by the

vendor. Thus, the use of a multichip synthesizer such as Fire!Constructor significantly reduces

development time for RCS-based solutions.

At the final stage of Fire!Constructor synthesis, a single-chip project for the Xilinx Vivado

environment is generated for each FPGA involved in the multichip RCS. Each single-chip project

contains the corresponding fragment of the circuit-level implementation of the target algorithm,

which is subsequently compiled into FPGA configuration files.

Existing FPGA synthesis tools perform optimizations primarily at the level of logical prim-

itives. However, such transformations are local in nature, including the removal of unused ele-

ments or simplification of constant logic. The computing structure of the implemented algorithm

largely remains as specified by the vendor and may exhibit significant redundancy or inefficiency.

Therefore, the efficiency of the final implementation depends heavily on the vendors expertise

in parallel-pipelined computing.

A new version of the multichip synthesizer is being developed. In addition to the previously

implemented functions for displaying a parallel-pipelined program on the RCS, it automatically

identifies fragments of the IG program that are ineffective from the point of view of their parallel-

pipelined implementation on the RCS. Analyzing and upgrading the identified fragments through

information-equivalent transformations, the synthesizer can significantly increase the real or

specific performance of the RCS compared to the execution of the original program.
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2. General Algorithm of Information-Equivalent

Transformations on a Graph

The structure of a parallel-pipelined program is transmitted to a multichip synthesizer in

the form of IG. It is independent of the source programming language and, consequently, is not

overloaded by unique syntactic constructions (such as switch-case, union, etc.). Note that the

same IG can correspond to multiple program texts (including written in different languages),

differing both in the order of independent operators and syntactic constructions, which determine

the sequence of operators. This contrasts with program text, where related calculations can

be placed in different lines of code, procedures, or even program modules. These IG features

described above enable algorithmic simplification of structural analysis procedures, identifying

redundant and inefficient structures and procedures for information-equivalent transformations,

unlike the program text.

The term “optimizing compiler” refers to the implementation of various algorithms to gener-

ate a more optimal program code while preserving its functionality. Similarly, the new developed

version of the multichip synthesizer is referred to as an “optimizing synthesizer”, since it per-

forms transformations analogous to those of optimizing compilers, but applied to configuration

files for multiple FPGAs.

A library of information-equivalent transformations is realized in the optimizing synthesizer.

It includes such transformations on individual vertices as calculating expressions for which all

operators are constants, exclusion of multiplications and logical “AND” operations with the con-

stant “1” and additions and logical “OR” with a constant “0”, and replacing the multiplication

or division of an integer by a constant equal to 2, to an integer extent, by shifts (since due to the

FPGA architectural features, the shift is implemented in it by bit recomputation, which does

not take up hardware resources), etc.

The library also includes transformations for groups of operations which take into account

the associativity and distributivity properties. Based on the transformation method of homoge-

neous IG from sequential to parallel-pipelined form [10], the optimizing synthesizer implements

a procedure for graph fragment transformation consisting of sequential associative operations of

the same type (e.g., addition, multiplication, logical AND) into a pyramidal form (Fig. 1) or a

series of intermediate forms.

Figure 1. Transformation of a homogeneous IG from sequential to parallel-pipelined form

Note that such transformation does not reduce the number of operations, but can be per-

formed to decrease the latency of the IG fragment. The optimizing synthesizer can more easily

analyze input operands in the pyramidal form. If they are constants, then identify functional

dependencies between them. Two smaller pyramids can be obtained, which can be further trans-

mitted for analysis, excluding the closing vertex from such a fragment.

A.A. Gulenok, E.A. Semernikov

2026, Vol. 13, No. 2 101



Based on the transformation method of heterogeneous IG from the sequential to parallel-

pipelined form [10], the optimizing synthesizer also implements transformations of graph frag-

ments the analogues of which are putting the common multiplier in parentheses and opening

parentheses in mathematics (Fig. 2).

Figure 2. Transformations involving distributive operations

The IG transformation, similar to opening parentheses, is performed to reduce either the

latency of the IG fragment or the number of operations. The transformation analogous to ex-

pansion may reduce the number of operations when expressions contain identical operands or

constants. After opening parentheses, similar terms are combined, and part of the expression

with constants can be calculated in advance.

Note that all these transformations, as well as transformations in single-chip synthesizers,

are local in nature. Their implementation violates the regularity of the IG structure of algorithm

to solve the problem, although it reduces the hardware resource. This complicates its analysis for

redundancy and inefficiency. Therefore, in the optimizing synthesizer, the first stage involves the

search and reduction of calculation redundancy in initial graph structure and the transformation

of inefficient fragments to more efficient ones from the point of view of the procedural pipeline

organization of calculations.

A general algorithm has been developed to perform information-equivalent transformations

on graphs, representing solutions to various problems, including those from different application

domains:

1. The initial graph G is placed into the array Mas of processed graphs.

2. All graphs in Mas are transformed into structures that can be decomposed into pairs

of equivalent subgraphs solving identical subtasks of the original problem, along with “merge”

subgraphs that combine the results of these pairs.

3. If such decomposition is not possible, proceed to step 9.

4. All processed graphs are partitioned into subgraphs.

5. Isomorphic subgraphs (with respect to operations) are analyzed, and computational re-

dundancy is eliminated.

6. Information-equivalent transformations are performed both in computational subgraphs

and in “merge” subgraphs.

7. The array Mas is cleared and filled with the resulting subgraphs.

8. Return to step 2.

9. End.

This algorithm is based on a divide-and-conquer approach, in which the original IG of the

problem is divided into two subgraphs, each of which implements the processing of its own half

of the original input data. These subgraphs are checked for redundancy and transformed in order

to reduce it. Each of resulting subgraphs becomes a new graph for analysis, and so on until not
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obtained subgraphs of minimal dimension that cannot be separated. The information-equivalent

transformations described in step 6 are specific for each type of initial IG. The transformations

described in step 2, as well as the methods for partitioning graphs into subgraphs in step 4, also

depend on the original graph type.

Let us consider the application of a general algorithm for functionally equivalent transfor-

mations using the example of IG algorithms for problems in various subject areas.

2.1. Transformation of an Information Graph via Vandermonde Matrix

Multiplication by a Vector of Unknowns

We demonstrate how an optimizing synthesizer automatically performs an IG transformation

of the discrete Fourier transform (DFT) into an IG similar to the fast Fourier transform (FFT)

using a general algorithm.

The DFT problem is solved through the multiplication of the complex Vandermonde ma-

trix W of dimension N ×N by a vector X. Figure 3 shows a fragment of the IG of an 8-point

DFT algorithm for calculation of the elements of the output vector Y with indices 0 and 4.

Figure 3. Fragment of the DFT IG

The elements of the complex Vandermonde matrix for the DFT have a functional depen-

dence, using which it is possible to reduce the number of operations using information-equivalent

transformations on IG. According to step 1 of the general algorithm, the entire DFT IG is loaded

into an array of processed graphs. If the matrix-vector multiplication algorithm uses a sequential

for-loop, the adders on the graph are connected sequentially (Fig. 3). Further, in accordance

with step 2, the original graph is transformed so that the structure of the adders takes on a

pyramidal form (Fig. 4).

According to step 4, in this graph fragment, the two original pyramids of adders are split into

four equivalent subgraphs G1, G2, G3 and G4, as shown in Fig. 4. Each of them is a pyramid of

three adders and four multipliers, and two “merge” subgraphs G5 and G6 containing one adder

each.

Figure 4 shows that the sequence of multipliers differs from the original (Fig. 3). Since the

sequence of addition of the multiplication results can be any, due to the associativity of the

addition operation, the input arcs of the pyramid of adders can be reversed. It is performed in

the implementation of step 5 in the analysis of isomorphic operations of subgraphs.

Subgraph G1 is isomorphic to G3 by vertices, with identical input data. Subgraph G2 is

isomorphic to G4 by vertices, but the input data (constants) differ. Their difference can be

expressed as WG2 = (−1) ·WG4. Since they have a common functional dependency, using the
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Figure 4. Fragment of the transformed DFT graph

corresponding information-equivalent transformation in the step 6, the graph G4 can be made

such that the input data will coincide with graph G2, namely, by making a transformation similar

to taking the common denominator out of brackets. To do this, multiply the coefficients WG4

by “-1” and add the multiplication by “-1” after the last adder of the G4 subgraph (we will add

this multiplication to the G6 merge subgraph).

By combining the subgraphs G1 with G3 and G2 with G4, we obtain the graph structure

shown in Fig. 5.

Figure 5. Fragment of the transformed DFT graph

As given in Fig. 5, the addition and multiplication by “-1” can be replaced by subtraction.

However, such transformation can generally disrupt the regularity of the IG structure. Therefore,

such transformations are performed in the optimizing synthesizer after executing the general

information-equivalent transformation algorithm.
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For subgraphs that calculate other values of the output vector, similar subgraphs are gener-

ated, differing only in the constants of the multipliers, corresponding to their functional depen-

dencies. After step 7, the array of processed graphs includes subgraphs G1(G3), G2(G4), and

similar subgraphs for computing other output values.

By iteratively dividing processed graphs into pairs of smaller subgraphs, the algorithm

terminates once the minimal subgraphs containing a single addition are processed. Consequently,

the original DFT IG is automatically transformed into an IG analogous to the FFT graph

with computational complexity O(N) = 3
2N · log2N . The original DFT IG has the complexity

O(N) = N · (2N − 1).

The general algorithm of information-equivalent transformations for matrix-vector multipli-

cation can be supplemented with additional transformations to ensure that the resulting graph

represents the FFT algorithm itself, rather than a merely equivalent structure. These trans-

formations rely on the uniqueness and functional dependencies of the complex Vandermonde

coefficients W and are not generally applicable to arbitrary matrix-vector multiplication tasks.

The proposed general algorithm was also verified on another problem, the Walsh-Hadamard

transform [11], which, like the DFT, is a matrix-vector multiplication problem. Similar compu-

tational complexity estimates were obtained: O(N2) for the original graph and O(N · log2N)

for the “fast” version [12].

Due to the developed general algorithm of information-equivalent graph transformations, the

optimizing synthesizer automatically produces a solution with higher computational efficiency

than the original, general implementation.

2.2. Transformation of an Information Graph for a Sorting Network

The developed general algorithm of information-equivalent transformations was also used for

graphs solving problems from a different area, the sorting of an input sequence. Let us consider

the operation of this algorithm using the transformation of the bubble sorting algorithm into an

initial array A containing eight elements. The original IG (Fig. 6a), developed on the “head-tail”

combining steps principle described in [13], is transformed, according to step 2 of the algorithm,

into a sorting network, developed using the “divide-in-half” principle (Fig. 6b). According to

step 4, pairs of equivalent subgraphs F1 and F2 are formed, each of which implements subtask

of sorting half of the array, along with a merge subgraph Merge(n/2) that combines the results

of the subgraph pairs.

(a) Bubble sorting IG
(b) IG after combinig steps

Figure 6. Transformations of sorting networks

Since the graph structure of the sorting algorithm does not contain isomorphic subgraphs

with identical input data, step 5 is skipped. Further, due to the functional redundancy shown
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in [13], the described transformation methods and changing the order of operations in accordance

with step 6, information-equivalent transformations of the Merge(n/2) subgraph are performed

(Fig. 7a).

(a) Transformations of the Merge(n/2) (b) Subgraphs F1 and F2 transformation

Figure 7. Transformations of sorting networks

According to step 7, subgraphs F1 and F2 are placed into the array of processed graphs.

At the next iteration, in accordance with step 2, transformations are performed to subgraphs

F1 and F2. Each of subgraphs is further divided into two subgraphs that sort one-quarter

of the original array, along with two merge networks Merge(n/4) (Fig. 7b). After performing

step 6 transformations on the Merge(n/4) networks, the resulting sorting algorithm structure

corresponds to the Batchers odd-even sorting network (Fig. 8).

Figure 8. Batchers odd-even sorting network

The resulting four sorting subgraphs contain a single sorting element and cannot be fur-

ther transformed, so the algorithm completes its work. Therefore, the original IG of the

bubble sorting algorithm with computational complexity O(N) = 1
2N

2, is automatically

transformed into the IG of Batchers odd-even sorting network with computational complex-

ity O(N) = 1
4(N · log22N + 2 · log2N). The sorting networks automatically obtained through

information-equivalent transformations have been simulated and analyzed in [13, 14], which also

verify the correctness of such transformations.

2.3. Transformation of an Information Graph for Solving Tridiagonal SLAEs

Using the Jacobi Method

The general algorithm of information-equivalent transformations was verified on problems

of solving tridiagonal systems of linear algebraic equations (SLAEs) by the Jacobi method. In
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this method, the vector of unknowns is calculated as:

Y v
i =

1

2
(Y v−1

i+1 + Y v−1
i−1 ) +

∆2Ci

2
, (1)

where v is the current iteration number; i is the iteration layer from which the data is taken;

∆ is the grid step; Ci are the free terms. The computational complexity of the classical Jacobi

method for tridiagonal SLAEs is O(N) = N · K in a sequential implementation, where N is

the matrix dimension and K is the number of iterations required to reach a specified accuracy.

Figure 9 shows the IG for SLAE of dimension N = 9 and the number of iterations K=4, where

the vertex f implements the calculation of the function f = 1
2(Y v−1

i+1 +Y v−1
i−1 ). Calculations related

to the free terms Ci vector (1) have been omitted so as not to overload the illustrative material,

but the transformations described below take into account all operations of the original formula

for calculating the vector of unknowns.

Figure 9. IG of the Jacobi method for tridiagonal SLAEs

According to step 1 of the general algorithm, the initial IG of the algorithm for solving

tridiagonal SLAEs by the Jacobi method is placed in an array of processed graphs. According to

paragraphs 2-4 of the general algorithm, the IG is transformed to the following form (Fig. 10a),

where a subgraph G1 is formed to calculate the Y4 central element of the vector of unknowns

with a given depth of iterations and two subgraphs G2 and G3, each of which implements a

half-size SLAE calculation.

Since the resulting graph structure (Fig. 10a) does not contain isomorphic subgraphs with

identical input data, step 5 is skipped. According to step 6, the subgraph G1 is processed: the

vertices f are expanded into arithmetic addition and multiplication operations, and information-

equivalent transformations corresponding to the expansion of brackets and combination of like

terms are applied. As a result, the subgraph G1 acquires a pyramid structure of adders with

multiplications at the base, where the total number of computational operations scales logarith-

mically with the input array size (Fig. 10b).

According to step 7, the array of processed subgraphs is cleared, and subgraphs G2 and G3

are added with the general algorithm continuing from step 2. Each of G2 and G3, is further

subdivided, according to steps 2-4, into subgraphs G4, G5, G6 and G7, G8, G9 respectively

(Fig. 11a). Subgraphs G4 and G7 are transformed into pyramid structures as in G1 after applying
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(a) Divide Jacobi IG by two (b) Transformation subgraph G1

Figure 10. Transformations of the Jacobi IG

step 6 (Fig. 11b). The remaining subgraphs G5, G6, G8 and G9 contain only a single function f

and cannot be further transformed, marking the completion of the algorithm.

(a) Divide subgraphs G2 and G3 by two (b) Transformation subgraphs G4 and G7

Figure 11. Transformations of the Jacobi IG

The resulting “fast” Jacobi method represents an iterative calculation of the midpoint of the

computational grid, where the next step processes two halves of the original range. The number

of operations for the classical Jacobi method is given by Sclassic = (4 · N − 2) ·K ≈ 4 · N ·K,

while for the fast Jacobi method it is Sfast = 67 ·K · (log2(N − 1)− 1) ≈ 67 ·K · log2N , where

N is the row length of the SLAE, and K is the number of iterations required to achieve the

required accuracy. Due to information-equivalent transformations, the optimizing synthesizer

automatically generates a new computational method that can be structurally implemented on

a RCS, achieving higher specific performance than the original method. Such transformations

for tridiagonal SLAEs using the Jacobi method have been simulated and analyzed in [15], which

also verify their correctness.

3. Nested Auto-Substitution Method

In addition to the general algorithm and the library of information-equivalent transfor-

mations, the optimizing synthesizer implements an original nested auto-substitution method
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described in [16], which increases the efficiency of parallel-pipelined implementation of recursive

expressions.

The input data rate to the structure implementing a recursive expression depends on the

execution time of all operations along the critical path of the feedback loop at pipelined com-

puting. In other words, you can submit the next input count only after processing the previous

count is completed. It is known that the velocity of such calculations can be increased using the

well-known method of recursive expression pipelining-sequential auto-substitution.

The principle of this method is that any recursive expression of the form:

yi = f(yi−1, ai), (2)

where yi is the current calculated value; yi−1 is the previous value; ai are certain coefficients of

the function f , can be expanded recursively. Expressing yi−1 as

yi−1 = f(yi−2, ai−1), (3)

and substituting (3) into (2), we obtain

yi = f(f(yi−2, ai−1), ai) = f2(yi−2, ai, ai−1) (4)

Continuing this procedure, yi can be expressed recursively:

yi = fn(yi−n, ai, ai−1, ..., ai−n+1) (5)

Sequential auto-substitution can be implemented on a graph using information-equivalent

transformations. The initial graph corresponding to (2) is given in Fig. 12a, where the vertex

corresponding to the delay of the operand stream by one sample is indicated as empty rectangle

in the feedback.

(a) Recursive expression IG (b) Auto-Substitution IG (c) Transformed

auto-Substitution IG

Figure 12. Sequential auto-substitution on a graph

Graph transformation corresponding to (2) is performed by cascading the node represent-

ing f and adding delays to its input arcs (Fig. 12b). If f is a linear function, further trans-

formations, corresponding to bracket expansion and combining like terms, can be performed

resulting in the graph shown in Fig. 12c. In this resulting graph, the critical path length remains

the same as in the original graph, while the number of registers in the feedback loop increases,

allowing a higher input data rate for pipeline processing [16]. Repeating such transformations

allows continuous data flow; however, computing fn requires more operations than the original

expression, with the number of additional operations scaling linearly with the recursion depth.

The new nested auto-substitution method improves upon sequential auto-substitution. After

obtaining formula (4), instead of expressing yi−2 from the original formula (2), it is expressed
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from formula (4) itself:

yi−2 = f2(yi−4, ai−2, ai−3) (6)

Substituting (6) into (4) we obtain:

yi = f2(f2(yi−4, ai−2, ai−3), ai, ai−1) = f4′(yi−4, ai, ai−1, ai−2, ai−3) (7)

Note that f4 from sequential auto-substitution differs from f4 in the nested method. Subse-

quent steps follow the same principle, applying the previously obtained formula at each iteration:

yi = f4′(f4′(yi−8, ai−6, ...), ai, ...) = f8′(yi−8, ai, ...),

yi = f8′(f8′(yi−16, ai−14, ...), ai, ...) = f16′(yi−16, ai, ...),

yi = fN ′(yi−N , ai, ...),

where N is a power of two corresponding to the number of recursion-unfolding steps.

On a graph, transformations in accordance with the nested auto-substitution method, un-

like sequential, consist in the fact that for cascading, not the subgraph describing the original

function f is selected, but the subgraph, obtained at the previous step. Therefore, for linear

function f (Fig. 12c) the second iteration of graph transformations is given in Fig. 13.

Figure 13. Nested auto-substitution on a graph

In sequential auto-substitution, the growth of additional hardware from pipelining is esti-

mated as Oseq(N) = K1 ·N , where N is the degree of pipelining and K1 depends on function f . In

the new nested method, the additional hardware growth is reduced to Onested(N) = K2 · log2N ,

where N is always a power of two corresponding to the recursion-unfolding steps. Synthesized

solutions were simulated on RCS of various configurations, confirming the correctness of the

information-equivalent transformations.

The nested auto-substitution method can also be used for the simple iteration method

for solving SLAEs [17], described by −→x i = T × −→x i−1 +
−→
φ . In this case, the function on the

right-hand side involves matrix and vector operations. The computational complexity of the

original algorithm is O(n) ≈ (2 ·M2 + M) · n, where n is the number of iterations, M is the

SLAE dimension. Using nested auto-substitution, the “fast” version reduces the complexity to

O(n) ≈ (2 ·M2 +M) · log2 n.

4. Results of Application of the Optimizing Synthesizer

The effectiveness of the new version of the multichip optimizing synthesizer for parallel-

pipelined programs for RCS was investigated on a number of benchmark tasks on the RCS Tertius

architecture [18] with a peak performance of 2.5 TFLOPS. The system includes four Xilinx

Kintex UltraScale XCKU095 FPGAs, each with 100 million equivalent logic gates, connected in

a ring using LVDS and GTY/GTH channels.
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Note that the solutions generated by the developed optimizing synthesizer can also be di-

rectly implemented by a vendor in the program code of a parallel-pipelined program for RCS.

However, in this case, the program size, debugging time and the vendors skill requirements in-

crease, often reducing the program readability. In addition, the source C programs almost never

contain an effective structural and procedural organization of calculations for parallel-pipelined

RBC programs obtained during the automatic conversion of an input sequential program in C.

The performance of the optimizing synthesizer was tested on graphs for solving discrete

Fourier transform problems, sorting networks, solving tridiagonal SLAE using the Jacobi

method, and for a second-order recursive filter with constant coefficients. The results of the

optimizing synthesizer implementation were the structures of “fast” algorithms that were auto-

matically transformed in accordance with the general algorithm and nested auto-substitution,

where the effectiveness of the solutions obtained was evaluated.

The result of the optimizing synthesizer for DFT problem with dimension 8 is given

in Fig. 14. The resulting transformed graph is not isomorphic to the graph of the well-known

FFT method, but contains the same number of computational elements. The original DFT IG

includes 56 adders and 64 multipliers for complex numbers. The resulting IG contains 24 adders

and subtractors and 6 multipliers (25% from the original). The synthesizer was also verified

on larger DFT problems, producing graphs with computational complexity equivalent to FFT

graphs.

Figure 14. Result of the optimizing synthesizer for DFT problem

An odd-even Batcher network for sorting 16 elements, automatically generated by the syn-

thesizer from a bubble-sort network, is given in Fig. 15. The synthesizer was tested on networks

with dimensions 16, 32, 128 and 256.

For solving a tridiagonal SLAE using the Jacobi method with dimension 128, the synthesizer

automatically produced a “fast” Jacobi IG, containing approximately five times fewer operations

than the classical Jacobi method. As the matrix dimension increases, this indicator increases,

since for the classical Jacobi method the number of operations depends linearly on the size of

the matrix, and in the “fast” Jacobi method this dependence is logarithmic.
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Figure 15. Result of the optimizing synthesizer by sorting problem

Figure 16 presents the result of the synthesizer on a second-order recursive filter problem

with constant coefficients.

Figure 16. Result of the optimizing synthesizer by recursive filter problem

The additional hardware required for pipelining the second-order recursive filter using se-

quential auto-substitution is equal to Oseq(N) = 2 · N , where N is the pipeline depth, while

for nested auto-substitution it is equal to Onested(N) = 6 · log2N . Based on these formulas, it

is obvious that for this filter, using the nested auto-substitution becomes more effective than

sequential auto-substitution at N > 8.

To ensure that adders and multipliers operate at the maximum RCS Tertius frequency of

500 MHz, they were implemented in a pipelined configuration. The adder and multiplier contains

12 and 8 pipeline registers, respectively. In the case of development a recursive part of the filter on

this element base, the feedback circuits contain two adders connected in series and one multiplier.

Therefore, the result is formed after 32 cycles in feedback circuits. It determines the choice of

the pipelining degree. The efficiency of the second-order recursive filter solution automatically

created in the synthesizer with constant coefficients on the Tertius RCS implementation was

approximately twice that of the previously known sequential auto-substitution method. Similar

results were obtained for adaptive filters with variable coefficients.
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Conclusion

The new version of the optimizing synthesizer for parallel-pipelined programs described in

this paper not only maps the IG algorithm of the solved problem on multichip RCS but also

significantly reduces the number of operations in programs created by an unqualified user. The

library implemented in the optimizing synthesizer and the general algorithm of information-

equivalent transformations, as well as the original method of nested auto-substitutions, allow to

automatically obtain the “fast” algorithms, the effectiveness of which is not inferior to previously

known methods or new ones based on original methods developed by the research team at

Scientific Research Center of Supercomputers and Neurocomputers (Taganrog).

The number of computational operations in traditional algorithms for solving the considered

model problems is determined by the formula O(N) = C1 ·Nm, where C1 and m depend on the

specific problem. In all resulting “fast” algorithms, the number of operations is determined by

the formula O(N) = C2 ·Nm−1 · log2N . Therefore, the efficiency of the optimizing synthesizer

only increases with increasing problem dimension. So, for the problem dimension N = 1024, the

number of operations in the algorithm can be reduced by two decimal orders of magnitude, and

the specific productivity will increase a hundredfold, which is unattainable for similar synthesis

tools.

Future research directions include the development of optimization methods for computing

structures in problems with variable operand stream intensity and IGs containing structural

analogs of unconditional jumps.
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