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We report a high-performance implementation of the resolution-of-the-identity Hartree—Fock
method that fully exploits the permutational symmetry of three-center electron repulsion integrals
(ERIs). The present implementation adopts a hybrid MPI+OpenMP parallelization strategy. Two
different algorithmic approaches (with and without the preliminary transformation of ERIs) are
analyzed and compared. A custom data layout introduced previously is employed. Designed to
efficiently leverage the permutational symmetry of ERIs, it minimizes not only inter-node commu-
nication but also local memory traffic. Other extensive low-level and algorithmic optimizations are
proposed and discussed. Reasonable parallel scaling is demonstrated by performance benchmarks
on a chlorophyll dimer (C55H72O5N4Mg)2 in an aqueous environment of 48 molecules (322 atoms
overall, 3700 and 11896 functions in main and auxiliary basis sets, respectively). Peak speedups
of 84× and 71× on 128 threads are achieved for the ERI calculation and the exchange matrix
construction, respectively, within the algorithm involving the preliminary transformation.

Keywords: restricted Hartree—Fock method, resolution-of-the-identity, density fitting, three-
center electron repulsion integrals, MPI, OpenMP.

Introduction

The Hartree—Fock (HF) method, also known as the self-consistent field (SCF) method [8],
is a basic approach to solving the many-body electronic structure problem in modern quantum
chemistry. It serves both as a starting point for more advanced electron correlation methods
and as a conceptual and software base for density functional theory (DFT). The computational
complexity of a straightforward SCF algorithm scales as O(N4) with a system of N atoms, and
numerous computational techniques and their program implementations with reduced scaling
were proposed in the last decades to overcome this SCF deficiency. One of the most prominent
modern approaches is the resolution-of-the-identity (RI) approximation, also known as the den-
sity fitting technique (DF) [4, 5, 9, 10, 12, 15, 16, 20, 28, 30, 31, 33, 34, 36, 38, 39, 42, 44, 47, 49].
Working expressions of the RI-HF theory employ three- and two-center electron repulsion inte-
grals (ERIs) defined as

(µν|B) =

∫
χµ(r1)χν(r1)φB(r2)

|r1 − r2|
dr1dr2, (1)

VBC =

∫
φB(r1)φC(r2)

|r1 − r2|
dr1dr2, (2)

where the basis functions χµ, µ = 1, . . . , NAO and the auxiliary basis functions φB,
B = 1, . . . , Naux are typically represented by atom-centered Gaussian-type orbitals (atomic or-
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bitals, AOs). Array (1) is also referred to as RI tensor. In addition to reducing the computational
scaling of the SCF method to O(Nα) (α ∈ [3.0, 4.0)), the RI approximation allows one to store
all ERIs (including (µν|B)) in local or distributed random access memory (RAM) for most prac-
tical problems of interest [15, 39, 45] as well as aggregate high-performance tensor contraction
engines (such as BLAS [3] libraries) and hardware accelerators (such as GPUs [4, 5, 42, 53]).

The first distributed RI-SCF implementation [12] stored all ERIs (1) to disk using a compres-
sion. Then the integrals were fully unpacked at each SCF iteration and computations with dense
tensors were performed. Up to now, permutational symmetry of (µν|B) with respect to indices µ
and ν was accounted for only to efficienly store the RI tensor in memory. In the recently reported
implementation presented by our group [25] it was also exploited for the Fock matrix assembly
stage, although at the cost of additional technical complications. There are other challenges as
well. For example, for systems consisting of hundreds of atoms conventional HF calculations (not
employing the RI approximation) can be even faster than those using RI-HF [22]. It is because of
difficulties to deal with the sparsity of intermediate arrays within RI-SCF procedure, while the
scaling of the straightforward “conventional” HF approach can be reduced to O(N2), if one em-
ploys a proper integral screening [7, 14, 18]. Other issues are the lack of GPU-accelerated RI-HF
implementations [4, 5, 42, 53] and of massively-parallel implementations of the two-component
quasirelativistic RI-SCF method.

Our goal is to gradually fill the specified gaps within the new BUFO program package for
quantum chemistry simulations. This paper reflects the current status of our progress and summa-
rizes several previous developments [25–27] aimed at the efficient parallel implementation of the
RI-HF method. Careful benchmarking of parallel algorithms for electronic structure calculations
is instrumental in achieving the best performance of supercomputer systems [41]. Here we present
two different MPI+OpenMP algorithms of the RI-HF method and conduct performance tests
using two HPC systems: a 2-socket server with shared memory and a 32-node supercomputer
with distributed memory. The key feature of the presented implementation is storing three-center
ERIs (1) in the distributed RAM using the permutationally-adapted memory layout in order to
minimize not only communications between processes, but also local memory movement [25].

The paper is organized as follows. Section 1 outlines the theoretical background of the spin-
restricted RI-HF method. Different approaches for its implementation for distributed memory
architectures and actual algorithms are described in Section 2. In Section 3 we highlight the
parallel computers employed to test the scalability of the developed implementations and also
describe molecular system for benchmark calculations in details. Results are presented in Sec-
tion 4. Conclusion provides some remarks and specifies future directions of work.

1. Theoretical Background

Throughout this paper, we adopt the following index labeling conventions:
1. i: occupied molecular orbitals, with range Nocc;
2. µ, ν, ρ, σ: atomic basis functions (AOs), with range NAO;
3. A, B, P : auxiliary RI basis functions, with range Naux.

For the sake of simplicity, restricted Hartree—Fock (RHF) theory is considered further,
though our approaches can be extended to unrestricted and two-component quasirelativistic
version of the method as well. The primary goal of the SCF algorithm is to determine expansion
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coefficients Ciµ defining spatial molecular orbitals (MOs) ϕi(r),

ϕi(r) =

NAO∑

µ=1

Ciµχµ(r). (3)

The coefficients Ciµ are needed to construct density matrix Dµν

Dµν = 2

Nocc∑

i=1

CiµCiν . (4)

These coefficients are obtained by diagonalizing the Fock matrix Fµν

Fµν = hµν + Jµν −Kµν , (5)

where hµν stands for the core Hamiltonian. The Coulomb and exchange matrices Jµν and Kµν

within the RI approximation are constructed according to the expressions

Jµν =

NAO∑

ρ,σ

Naux∑

B,C

Dρσ(µν|B)V −1
BC(C|ρσ), (6)

Kµν =
1

2

Nocc∑

i

NAO∑

ρ,σ

Naux∑

B,C

CiσCiρ(µσ|B)V −1
BC(C|ρν). (7)

The V −1
BC matrix is a symmetric positive definite matrix, so it can be factorized using the

Cholesky decomposition with factor LBP . The latter can be used to transform three-center ERIs

˜(µν|P ) =

Naux∑

B

(µν|B)LBP (8)

in order to get simplified expressions for Coulomb and exchange matrices

Jµν =

NAO∑

ρ,σ

Naux∑

P

Dρσ
˜(µν|P ) ˜(P |ρσ), (9)

Kµν =
1

2

Nocc∑

i

NAO∑

ρ,σ

Naux∑

P

CiσCiρ ˜(µσ|P ) ˜(P |ρν). (10)

2. Algorithm Design

2.1. High-Level Description

In this work, two different implementations of the RI-RHF method are presented. The first
(RI-JK) refers to Eqs. (6) and (7) further, while the second one (RI-TJK) to Eqs. (9) and (10).
Corresponding high-level view to both algorithms is sketched in Algorithm 1, so they are com-
posed of stages:
• (line 1) scheduling of integration;
• (line 2) calculating ERIs: note that we adopt the row-major ordering convention in this

work, so the last index is the fastest-varying; two algorithms initially store three-center
ERIs using different layouts; the upper index p identifies the dimension being partitioned
between processes;
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• (line 3) performing the transformation (8) and the global transposition of ˜(µν|B) only in
case of the RI-TJK (i.e., ˜(B|µν) ≡ (B|µν) for the RI-JK) and calculating the inverse V −1

BC

and its Cholesky decomposition LBC for both algorithms;
• (line 4) SCF procedure.
Each step is discussed in detail in the following subsections. However, the focus is on the

three-center ERIs, as they constitute the core of the RI approximation.

2.2. Scheduling ERIs Calculation

First of all, let us note that modern highly efficient libraries for the calculation of integrals
(like those used in this work libcint [43] and libgrpp [37]) operate on shells of basis functions,
where the shell groups functions sharing the same exponent and angular momentum. We will
further assume that NAO basis functions are grouped into N sh

AO shells, while Naux functions into
N sh

aux.
Scheduling is needed to overcome challenges of the integration:
• computational workload balancing;
• fixed pattern of storing integrals.
The better the first one is resolved, the better scalability would be achieved. Then it seems

that all (N sh
AO)2N sh

aux triplets of shells should be distributed dynamically between processes. Al-
though this approach can easily lead to O(N2

AONaux) communication volume. However, dealing
with the second challenge allows to reduce this communication, while imposing restrictions on
the granularity of the distribution of shell triplets. Now, these triplets should be grouped in order
to fill the whole block of the RI tensor. These blocks are composed of subblocks depicted in Fig. 1
as regions bounded by red lines (note that integrals are stored row-wise). So, depending on the
algorithm, the blocks can be:
• Groups of rows of size Naux in case of the RI-JK (see Fig. 1a). Note that red lines in Fig. 1a

also show removed rows (they are removed in order to store permutationally-unique inte-
grals only).
• Groups of triangles of the matrix NAO × NAO in case of the RI-TJK (see Fig. 1b). The

calculation in this case may start and proceed from either upper or lower triangle. Each
group is formed appropriately.

Thus, either N sh
AO (or even (N sh

AO)2) or N sh
aux basis shells can be distributed initially in a static

manner like in this work: a shell of N sh
AO or N sh

aux composed of the largest number of functions
is identified and pushed to the process task queue with the smallest current number of ERIs
expected to be calculated. This distribution provides predictable data placement of integrals in
memory and a compromise between task granularity and subsequent communication volume.
As a result of scheduling stage, shells are specifically ordered in the global workspace, so the

Algorithm 1 RI-RHF method

Input: Number of main basis shells: N sh
AO; number of auxiliary basis shells: N sh

aux

Output: Coefficients of MOs (Eq. (3)): Ciµ
1: scheduler, ordAO, ordaux ← ScheduleGlobalIntegrationShellOrder(N sh

AO, N
sh
aux)

2: hµν , (µ(p)ν|B) or (B(p)|µν), VBC ← CalculateERIs(scheduler, ordAO, ordaux)
3: ˜(B(p)|µν), V −1

BC , LBC ← TransformERIs((µ(p)ν|B) or (B(p)|µν), VBC)
4: Ciµ ← SCFProcedure(hµν , ˜(µν|B(p)), V −1

BC , LBC)
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(a) Row-majored (µν|B). Nl is the size of the shell µl;
µ is the number of the first function from µl in the basis

(b) Permutationally-adapted (B|µν).
Nl is the size of the shell Bl

Figure 1. Memory layout of the RI tensor (1) and scheme of ERI calculation in batches

corresponding ordAO and ordaux arrays of them are returned to perform integration (Alg. 1,
line 1) within CalculateERIs function (Alg. 1, line 2).

Ideally, the dynamic scheduler should also be returned and then passed to CalculateERIs
function to balance computational workload during calculation (especially if prescreening tech-
niques are applied [21, 48]). It is not so easy to implement such a scheduler efficiently. Dif-
ferent approaches are tried within conventional HF [1, 11, 17, 23, 35, 54] and RI-HF calcula-
tions [6, 12, 42]. The best algorithms should combine the features of static and dynamic load-
balancing. Nevertheless, our research does not focus on dynamic scheduling only proposing and
discussing suitable granularity and initial distribution.

2.3. Calculation of Three-Center ERIs

After distributing shellsN sh
AO orN sh

aux between processes, each process p has a number of shells
either µl ∈ {µ(p)l0 . . . µ

(p)
ln
} in case of RI-JK or Bl ∈ {B(p)

l0
. . . B

(p)
ln
} in case of RI-TJK (in both cases

n = n(p), so it depends on initial static distribution of shells). These sets were extracted from the
ordAO and ordaux arrays. Each shell represents the specific task of performing integration and
filling the corresponding subblock of the RI tensor (see Fig. 1: the arrows indicate the progress
of filling the RI tensor by batches, shown as rectangles and triangles). Both algorithms have a
similar structure that is described in Algorithm 2 for the first of them. For each shell µl (line 1)
or Bl of size Nl either (NAO − µ)Nl − (Nl − 1)Nl/2 rows5 (line 2) or Nl/2 +Nl%2 triangles6 of
the RI tensor should be filled with integrals, respectively. Then a block of size rows or triangles

5µ is the number of the first function from the shell µl in basis
6“%” represents the remainder of the division
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Algorithm 2 Calculation of three-center ERIs (1)

Input: initial main basis shells distribuiton {µ(p)l0 . . . µ
(p)
ln
} on given process p; number of

main basis shells: N sh
AO; number of auxiliary basis shells: N sh

aux

Output: (µ(p)ν|B), µ ≤ ν
1: for µl ∈ {µ(p)l0 . . . µ

(p)
ln
} do

2: size ← GetBlockSize(µl)
3: for νl ∈ {µl . . . N sh

AO}, Bl ∈ {0 . . . N sh
aux} do in parallel (OMP)

4: batch ← CalculateBatchERIs(µl, νl, Bl)
5: (µν|B(p)) ← PlaceBatchERIsToRITensor((µν|B(p)), batch, offset, µl, νl, Bl)
6: end for
7: offset ← UpdateOffset(size)
8: end for

corresponding to shell µl or Bl is filled in the for loop (lines 3–6) parallelized using dynamic
OpenMP policy in current implementations. Finally, after the block is ended, the offset is
updated (line 7) to continue filling from the correct new position. For the first algorithm it is
just increased by size, while for the second one lower or upper triangle should be identified as
well in order to proceed.

Precise compromise between task granularity and subsequent communication volume can be
achieved through grouping shells from external for loop (line 1) as well as tiling of the nested
for loops (line 3), e.g., in a way that task would be characterized not only by shell number µl
or Bl, but also by groups {µ(p)lg1 . . . µ

(p)
lgn
} or {B(p)

lg1
. . . B

(p)
lgn
} as well as by tiles {ν(p)lt1

. . . ν
(p)
ltn
} or

{µ(p)lt1 . . . µ
(p)
ltn
}, respectively. Work on each task or even on several of them can be parallelized

using OpenMP more efficiently then.
As a result of the algorithms part of the three-center ERIs is stored in process p memory.

This part is (µ(p)ν|B) for RI-TJK and (B(p)|µν) for RI-JK. However, three-center ERIs are not
distributed evenly between computational nodes by default. This is because the integration was
scheduled by shells. Ideally, additional balancing of the three-center ERIs distribution during
or after integration is needed for maximum efficiency of program execution, although it will be
implemented in the future.

Finally, note that the proposed algorithms are easily adaptable to dynamic workflow: shell
µl or Bl can be pushed to or extracted from the task queue (in fact, noted as {µ(p)l0 . . . µ

(p)
ln
} or

{B(p)
l0
. . . B

(p)
ln
} above) of the process p. This is also true for tasks created in a more complex

manner.

2.4. Transformation and Transposition of ERIs

Before starting the SCF procedure, three-center integrals are stored either using permu-
tationally-unique row-major or permutationally-adapted format (see Fig. 1). The purpose of
the transformation (8) is to simplify subsequent SCF computations. In turn, this transforma-
tion requires N2

AON
2
aux arithmetic operations and subsequent distributed transposition of the

NAO(NAO + 1)/2 × Naux matrix. In contrast, the alternative algorithm performs distributed
transposition of the NoccNAO × Naux matrix and NoccNAON

2
aux arithmetic operations subse-

quently in each iteration of the SCF during the construction of the exchange matrix. Thus, the
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Algorithm 3 Transformation of three-center ERIs

Input: non-transformed row-majored three-center integrals (µν|B(p)) (1); Cholesky factor
LBP of V −1

BC (see Eq. (2)); initial distribution of rows (µ⊗ ν)(p) . . . (µ⊗ ν)(p+1) on process p;
size of the main basis NAO; size of the auxiliary basis Naux

Output: ˜(P (p)|µν), µ ≤ ν
1: for (µ⊗ ν) = (µ⊗ ν)(p) . . . (µ⊗ ν)(p+1) do in parallel (OMP)
2: ˜(µν|P (p)) ← TRMM[(µν|B(p)), LBP ]
3: end for
4: ˜(P (p)|µν) ← ˜(µν|P (p))

5: for P = P (p)/2 . . . P (p+1)/2 do in parallel (OMP)
6: reshape 2⊗NAO(NAO + 1)/2 of ˜(2P |µν) into NAO ⊗ (NAO + 1)

7: end for

transformation (8) is justified if the transposition of NAO(NAO + 1)/2×Naux matrix is not the
bottleneck and the number of SCF iterations is large enough.

The transformation and the transposition of three-center ERIs are described in Algorithm 3.
The integrals were calculated and stored in rows of size Naux in the previous stage (Fig. 1a), so
now each row can be transformed according to Eq. (8). The corresponding iterations are shown
in lines 1–3. They are parallelized with OpenMP. The matrix product is evaluated using the
BLAS TRMM routine (line 2). Alternatively to parallelizing for loop, each TRMM operation can
be parallelized as well. Then the whole RI tensor is transposed (line 4), so the column-majored
RI tensor is obtained. To be stored using permutationally-adapted layout, finally, in lines 5–7
transformed integrals are reshaped into NAO×(NAO +1) matrices composed of a pair of triangles
(Fig. 1b). If N (p)

aux is odd, one of the last block triangles is simply filled with zeros.
Note that the algorithm can be greatly optimized by communication computation overlap:

for loop in lines 1–3 can be divided into rounds, and at the end of each round transformed
integrals can be put to the memory of other processes as well as got by given process. Thus,
data transfer within the transposition (line 4) would also be divided into rounds being included
in for loop. The optimal partition of this loop is such that one can perform a computation
throughout the time of the message passing. Communication and computation would also be
significantly reduced if three-center ERIs sparsity was taken into account. Finally, note that
the overall message passing during the whole program execution might not be minimal if the
transposition after the transformation (8) is performed, because it affects the amount of memory
to be communicated within the SCF procedure. So, some checks need to be done in the future.

2.5. SCF Procedure

The SCF procedure is structured as always: calculation of Coulomb and exchange matrices
(Eqs. (6) or (9) and (7) or (10)), construction of the Fock matrix (5) and its diagonalization
to obtain molecular orbital expansion coefficients (3). Replicated data approaches as well as
distributed ones are possible. For now, our implementations follow the replicated baseline for
all objects except the RI tensor (1), which is evenly (or almost evenly) distributed between the
computational nodes. The diagonalization of the Fock matrix is performed locally using OpenMP
(although it can be implemented with MPI using libraries such as ELPA [32]). Note that iterative
diagonalization methods such as Davidson or Lanczos [52] (and refs. therein) can be employed
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Figure 2. RI tensor representation for contractions within RI-J or RI-TJ (Alg. 4)

Algorithm 4 Coulomb matrix construction according to Eq. (6)

Input: permutationally-adapted three-center integrals (B(p)|µν) (1) (or ˜(B(p)|µν) (8)); den-
sity matrix Dµν (4); inverse V −1

BC of two-center integrals VBC (2); size of the main basis NAO;
size of the auxiliary basis Naux

Output: Jµν , ν ≤ µ (lower triangle)
1: for µ = 1, NAO do in parallel (OMP)
2: V

(p)
Blo
← GEMV[(B(p)

lo |µν), Dµν ], 0 ≤ ν ≤ µ
3: V

(p)
Bup
← GEMV[(B(p)

up |µν), Dµν ], µ ≤ ν ≤ NAO

4: end for
5: ṼC ← GEMV[

(
V −1
BC

)(p), V (p)
B ]

6: Ṽ
(p)
C ← reduce (ṼC) (MPI)

7: for µ = 1, NAO do in parallel (OMP)
8: J

(p)
µν ← GEMV[(C(p)

lo |µν), Ṽ (p)
lo ], 0 ≤ ν ≤ µ

9: J
(p)
νµ ← GEMV[(C(p)

up |µν), Ṽ (p)
up ], µ ≤ ν ≤ NAO

10: end for
11: Jµν ← Allreduce[J (p)

µν ] (MPI)

instead of full diagonalization. But let us focus on the calculation of the Coulomb and exchange
matrices as the RI approximation is applied exactly here.

Algorithm 4 outlines the construction of the Coulomb matrix according to Eq. (6) (RI-J).
The alternative algorithm (RI-TJ) can be obtained by removing lines 5 and 6, so it requires
less communication. The layout used introduces some additional difficulties compared to the
straightforward implementation of the algorithm. Figure 2 presents two subblocks of the RI tensor
to be contracted within the current iteration of the for loop in lines 1–4. These computations are
parallelized using OpenMP. Lines 2 and 3 specify the axis for contraction. Elements of the first
subblock are placed in lower triangles, while those of the second one are placed in upper triangles
(see Figures 1b, 2 and 3). This fact is reflected by the lower indices “lo” and “up” of the auxiliary
dimension index B(p). The step results into the local part of the intermediate vector V (p)

B on each
process p. For vectorization purposes, it is better to store elements of this subvector with “lo”
and “up” indices separately (combining them further if needed). Next, V (p)

B is contracted with
the local submatrix (V −1

BC)(p) obtaining the partial sum of another entire intermediate vector ṼC
(line 5). The local parts Ṽ (p)

C of ṼC are then accumulated using the MPI reduce routine according
to the initial partition along the auxiliary basis dimension B(p) (line 6). Lines 7–10 again refer to
the subblocks shown in Fig. 2. Now, columns of these subblocks are contracted with Ṽ (p)

C , forming
a partial sum J

(p)
µν . The “lo” and “up” indices were again involved. Note that for vectorization

purposes in line 9 the upper term of J (p)
µν can be used (instead of the current approach). for loop
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Figure 3. RI tensor representation for contractions within RI-K or RI-TK (Alg. 5)

Algorithm 5 Exchange matrix construction according to Eq. (7)

Input: permutationally-adapted three-center integrals (B(p)|µν) (1) (or ˜(P (p)|µν) (8)); MOs
coefficients Ciσ (3); Cholesky factor LBP of V −1

BC (see Eq. (2)); size of the main basis NAO;
size of the auxiliary basis Naux

Output: Kµν , ν ≤ µ (lower triangle)
1: for B = B(p)/2 . . . B(p+1)/2 do in parallel (OMP)
2: (2B|iµ) ← SYMM[Ciσ, (2B|σµ)]
3: (2B + 1|iµ) ← SYMM[Ciσ, (2B + 1|σµ)]
4: end for
5: (µi(p)|B) ← (B(p)|iµ)

6: ˜(µi(p)|P ) ← TRMM[(µi(p)|B), LBP ]
7: K

(p)
µν ← SYRK[ ˜(µi(p)|P )]

8: Kµν ← Allreduce[K(p)
µν ] (MPI)

is parallelized with OpenMP again. Finally, all processes obtain the Coulomb matrix through
the MPI Allreduce routine.

Algorithm 5 outlines the construction of the exchange matrix according to Eq. (7) (RI-K).
The alternative algorithm (RI-TK) can be obtained just by removing lines 5 and 6, although the
difference is also that the BLAS SYRK routine would be applied to the intermediate tensor part
˜(P (p)|iµ) instead of ˜(µi(p)|P ). Figure 3 shows a pair of triangles of the RI tensor to be contracted

within the current iteration of the for loop in lines 1–4, parallelized using OpenMP. If the last
triangle is zero-valued, it is more convenient to process the corresponding pair out of the for
loop. After computations on lines 1–4, global transposition is done (line 5) in order to optimally
perform contraction of the intermediate tensor with Cholesky factor LBP of V −1

BC (line 6). The
partial sum of Kµν is then obtained in line 7. Finally, all processes obtain an exchange matrix
using the MPI Allreduce routine.

Algorithm 4 can be optimized by overlapping computation in line 5 with communication in
line 6, although it is actual for a large number of processes. Algorithm 5 can also be modified in
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this way by overlapping computation in lines 1–4 with communication in line 5. Both algorithms
can be optimized using only lower triangles of symmetric matrices Jµν and Kµν for the final
Allreduce operation. The latter can also overlap with the previous computations. All of these
modifications are to be implemented in the future, as well as the optimization of Algorithm 3.

3. Computational Details

The MPI+OpenMP algorithms described in the previous section were implemented in the
BUFO quantum chemistry simulation program. The newly developed code was benchmarked
on 32× 6-core Intel Xeon E5-1650v3 @ 3.5GHz processors (Desmos at JIHT RAS [24, 40]) and
2× 64-core AMD EPYC 9535 processors (Irbis at MIPT). The first HPC server is a typical dis-
tributed memory system (see Fig. 4b and [46]), while the memory of the second workstation is
shared between its processors (Fig. 4a and [2, 55]). So, two different strategies were adopted to
run the hybrid MPI+OpenMP program using the map-by option of the OpenMPI library [13].
OpenMPI 5.0.0 and 4.1.6 were used for the Desmos and Irbis systems, respectively. MPI ex-
changes in case of the Desmos supercomputer were performed through Infiniband FDR, and in
case of the Irbis server through shared memory. For Desmos each MPI process was bound to a
processor with 6 cores sharing L3 cache. The number of OpenMP threads was varied only after
all proccesors were occupied by MPI ranks. For the Irbis machine, each process was bound to the
L3 cache shared by 4 cores of AMD EPYC 9535 processor. Different processor sets are possible for
Irbis: NPS1, NPS2 and NPS47 (corresponding modes are reflected by red dotted lines in Fig. 4a;
see also [55]). The simplest NPS1 was applied, so each processor is represented as a single NUMA
node. At first, processes were bound to the caches of the first node. The remaining node was
used only for tests with 32 MPI processes (and 1, 2 or 4 OpenMP threads). Alternatively, MPI
processes can be gradually (with increase of their number) bound to L3 caches of different nodes
again, enabling multithreading after 32 MPI processes would be distributed. Another policy is
to reflect 2 processes to the NUMA nodes, increasing the number of threads up to 64 on each
node. Although our code might not be optimal for such calculations due to the granularity used
to calculate three-center ERIs (see Section 2.2) oriented to distributed computations rather than
multithreaded on NUMA.

Other differences between the Desmos and Irbis benchmarks lie in the compilers and linear
algebra libraries involved. In Desmos, the code was compiled with GCC 12.2.0 and linked with
MKL 2025.0, while in Irbis, GCC 13.3.0 and OpenBLAS 3.30 were used. Both compilers support
OpenMP 4.5, which is sufficient for all parallel constructs used in this work.

Currently, quantum chemistry calculations are widely used to simulate biomolecules and
processes in living matter [29]. In our previous work [26], we already considered a chlorophyll
molecule C55H72O5N4Mg and its dimer in vacuum; the def2-SVP basis [50] supplemented by
the def2-SVP-RIFIT auxiliary basis [19, 51] was used for orbital expansions (3). In this work,
the dimer was additionally surrounded by 48 water molecules. Preliminary simulations of the
equilibrium conformations of the chlorophyll dimer in a water solution (up to approximately
200 molecules) were performed using molecular dynamics (MD) with the potential [56]. The
geometries were provided by Egor Igolnikov; then the number of H2Omolecules was reduced to 48
in order to fit in RAM of our computational facilities. Two main conformations of the chlorophyll
dimer were observed in those simulations. The difference in their relative energy is determined

7NPS = NUMA (non-uniform memory access) node per socket.
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(a) Principal scheme of the 64-core AMD EPYC 9535 processor
(see also [2, 55])

(b) Principal scheme
of the 6-core

Intel R© Xeon R© E5-1650v3 @
3.5GHz processor
(see also [46])

Figure 4. Principal schemes workstation nodes used in benchmark calculations

mainly by the electrostatic attraction between the porphyrin rings and the interaction of the
molecule tails with water. The chlorophyll molecule has a hydrophobic tail and a hydrophilic
ring, so it is amphiphilic in general. In water, chlorophylls aggregate in pairs. On the one hand,
π-stacking interactions of conjugated systems lead to their rendezvous; on the other hand, it is
favorable to place the hydrophobic tails between the porphyrin rings to minimize their contact
with water. Although the HF method does not account for electronic correlation, it might be the
basis for more advanced calculations. So our tests were performed using one of the equilibrium
conformations. The sizes used were Natoms = 322, Nocc = 722, NAO = 3700 (grouped into
N sh

AO = 1792) and Naux = 11896 (grouped into N sh
aux = 4288).

4. Results and Discussion

Performance tests required about 800 GB of RAM over all processes during the program
execution. Our benchmarks on Desmos involved 32 MPI processes with 1 to 6 OpenMP threads.
Less processes were not used because of memory limits. In contrast, there were no problems with
the available memory workspace on the Irbis machine, so subsequently bindings of MPI processes
from 1 to 32 were performed with relevant turn on of OpenMP multithreading.

Records of the type “#N1” or “#N1–N2” in the table column name refer to line or lines
of the corresponding algorithm described above in Section 2. “wall” means wall execution time.
“Sp. (x)” stands for the speedup of calculation with the increase of the number N of parallel
threads involved. The speedup is always evaluated from the wall time.

4.1. Scalability: Calculation of ERIs

Figure 5 and Table 1 show the strong scaling behavior of the integration algorithms within
the RI-JK and RI-TJK approaches. Speedups in Tab. 1 are defined by the slowest process. Mul-
tithreading on Desmos performs well enough, giving up to 5.0× and 5.6× speedup for RI-JK
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Figure 5. Scalability of the three-center ERIs calculation

Table 1. Breakdown of scalability of the three-center ERIs calculation

N

RI-JK RI-TJK
Desmos Irbis Desmos Irbis

Time, s Sp. (×) Time, s Sp. (×) Time, s Sp. (×) Time, s Sp. (×)
1 – – 1037.9 1.0× – – 877.1 1.0×
2 – – 530.9 2.0× – – 439.7 2.0×
4 – – 265.3 3.9× – – 224.2 3.9×
8 – – 136.4 7.6× – – 115.4 7.6×
16 – – 71.7 14.5× – – 62.2 14.1×
32 62.2 1.0× 36.0 28.8× 55.9 1.0× 31.8 28.0×
64 32.7 1.9× 20.1 51.5× 28.3 2.0× 17.6 49.7×
96 23.4 2.7× – – 20.0 2.8× – –
128 18.0 3.5× 12.4 83.6× 15.1 3.7× 10.8 81.4×
192 12.6 5.0× – – 10.2 5.6× – –

and RI-TJK, respectively, when going from 32 to 192 threads. It is not ideal (6.0×) because of
the uneven initial static distribution at the stage of scheduling the calculation of three-centers
of ERIs (see Alg. 1, line 1). The observed speedup of the RI-TJK implementation is slightly
better. The probable reason for this is that N sh

aux ∼ 2.5N sh
AO, i.e., more integration tasks were dis-

tributed between processes. Though this consideration does not primarily apply to the analogous
comparison of runnings on Irbis: multithreaded integration (i.e., when more than 32 threads are
involved) scales similarly for both algorithms. Interestingly, the speedup of calculations with mul-
tithreading on Irbis is worse than the speedup up to 32 processes, when all L3 caches are bound
to MPI ranks. Actually, the scalability is good up to 32 processes involved, resulting in 28.8×
or 28.0× speedup. Better scalability can be achieved by means of dynamic scheduling, because
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there is about 2.5 seconds between the fastest and the slowest processes. Nevertheless, scalability
up to 32 processes is greater than that after turning on multithreading. This observation is true
for other benchmarks as well (see the following subsections). The exact reason for that is unclear.
Although in case of integration the probable reason is a bad decision to parallelize the nested
for loop (see Alg. 2) with OpenMP instead of the external one.

Figure 6. Scalability of the three-center ERIs transformation

Table 2. Breakdown of scalability of the three-center ERIs transformation

N

Desmos Irbis
Time, s Sp.

(×)
Time, s Sp.

(×)#1–3 #4–7 wall #1–3 #4–7 wall
1 – – – – 14435.7 267.4 14703.2 1.0×
2 – – – – 7216.5 148.6 7365.2 2.0×
4 – – – – 3654.4 86.2 3740.6 3.9×
8 – – – – 1926.8 51.9 1978.7 7.4×
16 – – – – 1029.4 39.2 1068.6 13.8×
32 1255.6 25.9 1281.5 1.0× 508.9 25.1 534.1 27.5×
64 624.7 18.4 643.1 2.0× 280.5 20.2 300.7 48.9×
96 451.9 17.5 469.4 2.7× – – – –
128 366.8 13.6 380.4 3.4× 171.8 20.2 192.1 76.6×
192 318.0 12.3 330.3 3.9× – – – –

When comparing the Desmos and Irbis performance, it can be seen that the computation
time on 32 processes differs by approximately a factor of two. This can be attributed to the
twofold advantage of the Irbis CPU cores in terms of FLOP/s due to the AVX-512 instruction
set compared to AVX2 available for the Desmos’ CPUs.
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4.2. Scalability: Transformation of ERIs

Figure 6 and Table 2 show the strong scaling behavior of the three-center ERI transfor-
mation (8) and their subsequent transposition for the RI-TJK approach. The TRMM operations
speedup is great, nearly ideal up to 32 processes, while the scaling of the transposition step is

Figure 7. Scalability of the RI-J/TJ algorithm

Table 3. Breakdown of scalability of the RI-J/TJ algorithm

N

RI-J/TJ (Desmos) RI-J/TJ (Irbis)
Time, s Sp.

(×)
Time, s Sp.

(×)#1–4 #7–10 wall #1–4 #7–10 wall
1 – – – – 17.21 16.96 34.18 1.0×
2 – – – – 8.61 8.50 17.12 2.0×
4 – – – – 4.86 4.77 9.64 3.6×
8 – – – – 2.71 2.78 5.49 6.2×
16 – – – – 2.18 2.25 4.44 7.7×
32 1.05 1.18 2.23 1.0× 1.10 1.16 2.25 15.2×
64 0.59 0.68 1.27 1.8× 1.00 1.10 2.10 16.3×
96 0.47 0.55 1.02 2.1× – – – –
128 0.45 0.53 0.99 2.2× 1.08 1.25 2.32 14.7×
192 0.45 0.57 1.02 2.1× – – – –

not so good. The former operations are not ideally scaled because the rebalancing of the RI ten-
sor after the parallel evaluation of ERIs was not implemented for now. So after the RI tensor is
computed, it is still unevenly distributed between MPI processes. The transposition step requires
much less time, but can become a bottleneck, when more and more processes are involved. For
the computation on 128 threads of Irbis it already takes about 10% of the wall time. This obsta-
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cle significantly limits scalability, though the speedup of multithreaded calculations is generally
worse again even in spite of the transposition step. The same conclusions about multithreading
are also true for Desmos. The reasons for this are currently unclear.

It can be noted that the time needed for the transformation step on 32 processes of Desmos
and Irbis again differs by approximately a factor of two. Actually, the transposition step in both
tests is done in the same time. So, Irbis offers twice the computational performance of Desmos,
but its memory bandwidth is not proportionally higher. As a result, it reaches the memory wall
sooner.

4.3. Scalability: the SCF Procedure

Figure 7 and Table 3 show the strong scaling behavior of the RI-J and RI-TJ algorithms
(lines #5 and #6 are out of interest here, because corresponding transformations were signifi-
cantly faster than for other steps). Neither algorithm exhibits satisfactory scalability across the
full range of the number of threads. The possible reason for performance degradation is the large
intermediate buffer used for the reduction of J (p)

µν using OpenMP. Being allocated on the stack
in current implementations, this buffer induces significant cache pressure, resulting in frequent
cache misses and limited data reuse. Even the twofold superiority typical for Irbis on 32 processes
is not observed. This situation is to be resolved in the future, though RI-J and RI-TJ still take
much less time than RI-K and RI-TK.

Figure 8 and Tables 4 and 5 show the strong scaling behavior of the RI-K and RI-TK algo-
rithms. Now, the typical picture of nearly ideal speedup up to 27.1× and 28.0× on 32 processes
of Irbis is observed, as well as more moderate scalability after that. RI-K scalability is worse,
because there is no three-center ERIs rebalancing in current RI-K implemetation and the trans-
position is memory-bound. The transformation within RI-K takes about 5% of the execution
time. Benchmarks performed on Desmos show that multithreading can be efficiently incorpo-

Figure 8. Scalability of the RI-K/TK algorithm
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Table 4. Breakdown of scalability of the RI-K algorithm

N

RI-K (Desmos) RI-K (Irbis)
Time, s Sp.

(×)
Time, s Sp.

(×)#1–4 #5 #6 #7 wall #1–4 #5 #6 #7 wall
1 – – – – – – 2138.4 64.3 3296.3 1053.7 6552.7 1.0×
2 – – – – – – 1070.7 38.2 1666.7 532.7 3308.2 2.0×
4 – – – – – – 543.2 22.6 853.4 272.8 1692.0 3.9×
8 – – – – – – 287.1 13.8 452.6 142.7 896.2 7.3×
16 – – – – – – 154.2 10.6 242.8 78.1 485.7 13.5×
32 141.8 6.7 220.2 68.4 437.1 1.0× 76.4 6.6 120.5 38.7 242.2 27.1×
64 72.3 5.5 111.4 36.2 225.4 1.9× 44.3 6.2 70.7 23.1 144.2 45.4×
96 50.4 4.9 77.8 25.3 158.4 2.8× – – – – – –
128 38.2 4.6 58.6 19.1 120.6 3.6× 29.8 6.1 50.4 16.4 102.6 63.9×
192 25.5 4.6 40.3 13.0 83.4 5.2× – – – – – –

Table 5. Breakdown of scalability of the RI-TK algorithm

N

RI-TK (Desmos) RI-TK (Irbis)
Time, s Sp.

(×)
Time, s Sp.

(×)#1–4 #7 wall #1–4 #7 wall
1 – – – – 2138.7 1074.3 3213.0 1.0×
2 – – – – 1070.2 544.2 1614.4 2.0×
4 – – – – 542.9 274.2 817.1 3.9×
8 – – – – 287.0 144.5 431.5 7.5×
16 – – – – 154.1 77.8 231.9 13.9×
32 141.7 70.3 212.1 1.0× 76.3 38.5 114.8 28.0×
64 72.2 36.1 108.3 2.0× 44.1 22.6 66.7 48.2×
96 50.4 25.4 75.7 2.8× – – – –
128 38.2 19.4 57.6 3.7× 29.8 15.5 45.3 70.9×
192 25.5 13.2 38.7 5.5× – – – –

rated: up to 5.2× and 5.5× for RI-K and RI-TK, respectively. The reason for the bad results of
calculations employing multithreading on Irbis is again unclear. It can be noted that the over-
all time including all stages (except for the transposition) on 32 processes of Desmos and Irbis
differs by approximately a factor of two as before. Also, the transposition step in the RI-K tests
is done in the same time on Desmos and Irbis at this number of processes. It is consistent with
the coincidence of transposition times observed in the previous section after the transformation
of three-center ERIs (8).

Conclusion

We report a new hybrid MPI+OpenMP implementation of the resolution-of-the-identity re-
stricted Hartree—Fock method extensively employing permutational symmetry of the ERI tensor
to minimize explicit local memory movement during iterations of SCF procedure. Both versions
of the proposed parallel algorithm (RI-JK and RI-TJK) were benchmarked on a system of two
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chlorophyll molecules surrounded by 48 water molecules (3700 basis functions supplemented
with 11896 auxiliary basis functions) to reveal their performance and scalability features; two
different machines with different computer architectures were used throughout to perform these
benchmarks.

The RI-JK algorithm allows us to avoid any global transpositions of three-center ERIs at
the cost of performing more moderate transposition at each SCF iteration, whereas the RI-TJK
algorithm performs one global transposition of these integrals only once before the start of the
SCF procedure (see Tab. 2 and Tab. 4 for comparison). Fortunately, in both cases the commu-
nication computation overlap can greatly improve the overall efficiency of the algorithms when
there would be too many communications. It should be true for the larger number of processes
involved, because even for the case of 128 threads communication already takes about 5–10%
of wall time. The contractions that can be actually overlapped also differ, because avoiding the
pre-transformation (8) of formal complexity O(N2

AON
2
aux) before the SCF procedure leads to

including O(NAON
2
aux) arithmetic operations at each SCF iteration. Generally, the RI-JK algo-

rithm is recommended when a rather small number of SCF iterations is expected, while RI-TJK
is more beneficial for SCF calculations expected to converge slowly. For both scenarios, it was
shown that the permutationally-adapted memory layout for storing three-center ERIs can be
efficiently used, though some technical problems should be resolved especially in case of RI-J
and RI-TJ algorithms. However, the permutationally-adapted memory layout removes the need
to perform redundant copy operations in RI-K and RI-TK at each SCF iteration compared to
conventional parallel RI-SCF implementations unpacking three-center ERIs each iteration. An-
other issue to be studied in detail in the future is how to deal with RI tensor sparsity using the
permutationally-adapted layout. Performance evaluation shows that the proposed approaches to
parallelization of the RI-SCF method are reasonably scalable on modern computational archi-
tectures (up to 70–80× speedup on 128 threads), though some problems should be identified and
addressed in the future in order to obtain the scalability closer to the ideal one.
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